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Computed Tomography

Analytical Reconstruction
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Introduction ..

X-ray source
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@ Fixed and Rotating Coordinate systems
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Radon Transform ..

* Stepwise shift of X-ray source as sampling process of continuous projection signal

* L represents path of X-Ray photon and can be described via Hessian normal form using y and &
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Radon Transform ..

* Two-dimensional Radon transform: Py(é:) = R f(x,¥)}

p(c) =f*o(L)
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Inverse Radon Transform ..

» Fourier Slice Theorem: F(gcos(y), gsin(y)) = P(q,7) = P(q)

* 1D Fourier transform of projection profile corresponds to radial line in Cartesian Fourier space of the object drawn at the
angle of the measurement

P,(q) = J p(E)emiidE = J { J u(E n)d } o2t Fu,v) = J J fx, y)e 26 dy
Py(Q) — J J 7 (é(X, y), ﬂ(x, y)) 6_2ﬂiq(rT'n§)dXdy F(I/t, V) — J J f(x, y)e—Zﬂi(XQCOS(V)+yq Sin(y))dxdy
P(q) = [ J fx, y)e_Z”i‘J(rT'“f)dxdy F(u,v) = J J f(x, y)e—2ﬂiq(rTn5)dxdy




» Fourier Slice Theorem: F(gcos(y), gsin(y)) = P(q,7) = P(q)

Inverse Radon Transform ..

* 1D Fourier transform of projection profile corresponds to radial line in Cartesian Fourier space of the object drawn at the

angle of the

* From Radon space to Object space: 3 easy steps

measurement

Step 1:

Step 2:

Step 3:

pAE) o— P(q)

P(q) F(u,v)

F(u,v) /——o f(x,y)

| object space I | (u,v) Fourier space I | 51'72 Fourier space I

% q

Cartesian

= oaioing

radial filling

8 of Fourier space

Radon space | Fourier trans. Radon space I



Cartesian Regridding

e Cartesian regridding requires interpolation

* Alternatives, e.g.
* Linogram method

* Filtered Backprojection




O Simple Backprojection ..

 Core idea: Smear back projection profile values into incident direction

g(x,y) = J p,(S)dy = J p,(xcos(y) + ysin(y))dy
0 0
* Problem: projection profile is non-negative
« Mathematical insight: hx.y)
T (00) 0 0) , 1
g(x,y) = J “ fr)s(r — Lydrdy = - - - = J J fir)———dr
0 reR? —o0 Y—00 |r — T |
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X, V) =—=
e[ ()]
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g(xay) :f(xvy) *h(xvy) \

Convolution of original image with filter kernel i(x, y)
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O Simple Backprojection ..

Reconstructed image
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O Filtered Backprojection ..

* Improved version derived directly from inverse Fourier transform of image

flx,y) = [ J F(u, v)e?™ o4+t dydy

— Q0

u = qcos(y)
v = gsin(y)
Express in ) ou  dv _
polar coordinates J:det< o ")) = |2 = 0D g (eosit) +sin’t) = g
o(q,7) x 2 —gsin(y) qcos(y)
! vy or
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O Filtered Backprojection ..

* Reminder: Fourier Slice Theorem: F(qgcos(y), gsin(y)) = P(q)

f(x,y) =J J F(gcos(y), g sin(y))e*™4xcos+ysini)| g dgdy
0 Y-

\4

J P (q)e*™%|q|dgdy

T
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0

hE) = J P ()lqle>44dq
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f(x,y)=I h,(&)dy
; y \

Backprojection of filtered projection £,($)
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O Filtered Backprojection ..

3
50
* From Radon space to Object space: Another 3 easy steps » 100
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O simple vs Filtered Backprojection

Simple Backprojection

Filtered Backprojection

15



From 2D to 3D

 Secondary reconstruction: 3-dimensional representation obtained from stack of 2-dimensional tomographic slices

* Requires sophisticated rendering method to visualize data

Surface rendering method

/
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Reconstruction from

Spiral CT .. _

* Problem: Secondary reconstruction from slice stack leads to staircase artifacts \

Spiral CT:

* Constant table feed during data acquisition

* Helical trajectory of X-ray source from patient’s point of view |

* Reconstruct missing samples by interpolation

Spiral CT

Considerably reduced artifacts
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Exact 3D Reconstruction
in Parallel-Beam Geometry «»

O

* Central slice theorem: P, (q,p) = F(gn, + pn,)

* Reconstructing the 3D image: Again 3 easy steps

Step 1: Pao@, b) o—— P, 4(q,p)

Step 2: P,«q.p) F(u,v,w)

Step 3: F(u,v,w) e—o f(x,,2)
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Photo by Owen Beard on Unsplash

Thank you for
your attention

(= - Computed Tomography, Thorsten M. Buzug, Springer 2008
(== - The Mathematics of Computerized Tomography, F. Natterer, SIAM 1986



https://unsplash.com/photos/DK8jXx1B-1c?utm_source=unsplash&utm_medium=referral&utm_content=creditCopyText
https://unsplash.com/search/photos/ct-scan?utm_source=unsplash&utm_medium=referral&utm_content=creditCopyText
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Linogram-Method
\ Radon space | \ Fourier space |

inverse circles concentric circles

inverse radial
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Linogram-Method

o0 Vb
2 D/2b(0°)

P(q)= |p (©)e™d¢ 4B (q) vertical CZT* f(x.y)= [ Fu, y)ezﬂ"l“du\eg
e —~D/2b(0°)

‘ Radon space I ‘ Fourier space I ‘ weighted Fourier space I weighted Fourier spaceI 1-dim Fourier space I

P(q)= |p (©e*™d¢ g B (q)

—

¥ ‘ reconstruction I
° ‘ signal space I

D/2b(0°)

horizontal CZT  f(x, V) = j F(x,v)e™ dv

—D/2b(0°)
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7T +00

f(53) = [ [ (Re(F(g.7)) +idm (F(g.y))) eaCox)+rsintgdqdy
0 O

7T +00

o [ [ (Re(F(q.9)) - im (F(g,y))) el ex0) o) gdq dy
0

0
7T +00

:/ f (Re(F(q,y)) +iIm (F(q,y))) matxcos)orsin) gdgdy
0

0

m 0
- [ [ (Re(F(=q.y)) - i9m (F(=q,y))) 900 *rn(gaqay

0 —o0
Using the symmetry of F again one obtains

T +00

flx,y) = f f F(q, y)e2m0cosmysin() 0 4o dy
0O O

7 0
n / / F(q,y)eZniq(xcos(y)+ysin(y))(_q)dqdy ,

0 —o0
which can finally be written as one term

7T +00

f(xy) = f f F(q,y)emitxeoeorsnt gl dgdy .

N —mo
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Filtered Backprojection

Re\F(q,y)} = Re\F(=q,y +7)} = Re{F(=q,y) } = Re{F(q,y + 1)}

Im{F(q,y)} =Im{F(-q,y+n)}=-Im{F(-q,y)} =-Im{F(q,y + )}




@ Comparison: Backprojection

Filtered Backprojection
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@ Exact 3D Reconstruction

R
. 3-dimensional Radon transform: f(x,y,2) o—— p,9(&) =f*6(A) = J J(r)dr
reA
* Fourier slice theorem: F(u(q, v, ), v((q,y,3),w(q,y, 8)) =P, o(q) \ Connection to

physical measurement?
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Exact 3D Reconstruction
in Parallel-Beam Geometry

 Hybrid Radon transform: _sin(a) —_cos(a)cos(6) cos(a)sin(0)
"0 00 OO | | | o n, = | cos(a) n, = | —sin(a)cos(0) n, = | sin(a)sin(6)
Paola,b) = J_OO J flam,+ bmy + ’7“;7) -0(a —a’)o(b — b")da'db’dn 0 sin(6) cos(6)

J—0o0 —00

r OO

flan, + bn;, + nn, )dy f(r) = f(x,y,2) = fan, + bn;, + 7n, )

J—o0

P,.o(q.p) =J J [ f(an, + bn,, + yn, e~ dadbdy

— Q00

(a,b,m)' = (x,y,2)"

\4

Pa, 9(6], p) — J [ J' f(x’ y, Z) e—27rirT.(naQ+an)d )Cdde

— Q00

* Central slice theorem: P, 4(q,p) = F(gn, + pn,)
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Cone-Beam Geometry

fx, v, 2)= p(n, 0, €) Sy, z)= plr, o, €)
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